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Theme

HE work here provides the expressions for the inertia

loadings p.,, p,,, and p., and the inertia rotational
loadings q,,, q,,, and g, for nonuniform rotor blades that
initially are not perpendicular to the rotating axis, which is
actually the case for many practical problems. In addition, the
elastic axis is permitted to have abrupt discontinuities here
with the inclusion of appropriate transformation equations
that can facilitate the analysis of this blade configuration.
Special attention is given to coupling-type terms associated
with the centrifugal forces.

Contents

In Fig. 1, the x, axis is coincident with the undeformed
position of the elastic axis. The x,y,z and x,,y,,z, systems of
axes move with the blade around the axis of rotation at the
given rotational velocity Q. The angles N\, and ¢, are as in-
dicated in the figure. The coordinates x,,y,,z, define the
position 0 where an imaginary plane perpendicular to the
elastic axis intersects this axis. Such a point 0 is shown in Fig.
2. This figure also shows the fixed coordinate system, X, Y, Z,
the x,y,z and x,,y,,Z, systems as used in the derivations, and
the axes system x;,y;,z; that is parallel to the x,y,z system.
Note also that the x,,y,,z, and x,,y,,2, systems are parallel.

The coordinate transformation equation from the system
X3,Y5,%; to the system x3,y;,2; is

X3 cosy, cosN;, —cosy, sin\; —siny, X,

y; | = sink, COSA, 0 5

23 siny, cosN, —siny, sin\; cosy, 2,
ey

and the one from x;, y;, z; t0 X5, V5, 2, is

X5 cosh; cosy, sink,  cOsA, siny, [ x;

Y, | =| —sin\; cosy, cosA;, —sink\, siny, V3

Z; —siny, 0 cosy, z; |
2)

The inertia loadings are determined by considering the
position of a fiber f in the deformed configuration of the
blade and determining the displacements and accelerations in
the x,, y,, and z, directions and by making use of Eq. (2).
With known expressions for the accelerations a,,, a,,, and a_,
inthex,, y,, and gz, directions, respectively, the inertia
loadings p,,, p,,, and p,, in the x,, y,, and z, directions,
respectively, and the inertia rotational loadings q.,, 4,, 4.,
about the same directions are as follows

e (172
px2= _S S

a, pdid
I B §dn

—mlii — Q7 (x,+ucosk,; cosy,;)cosh, cosy,; —Q?usin’\,;
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—2Qucosy; — Qv sin?y ,cosh;sin\; + Q2 wcosy,siny, cos\,
+Q2(yo+e,)sin\; — 2Qwsiny ,sin\,;] —me [— i’ cosB
—’sinB+ Q7 (v’ cosB +w’sinB) (I —sin’y ,cos’\;)

— 02 (cosB + ¢sinB) sin’y ,cosA;sink; + Q4(sinf + ¢cosB)
cosy,siny,;cosh; + 2Q¢ (sinBcosy , — cosBsinA ;siny; )] (3)

/2
S —1/2 ayzpdg'd'r)

—m[i+Q%x,cosy¢,;sin\; — Q2 (¥, +e;) cosh,
—Q2usin’y,cosh;sinh; — Qv (cos?y,sin’A; +cos?\;
—Q2weosy siny; sin\; + 2Qucosy, — 2Qusiny,;cos),]

— me[ — ¢sinB+ 972 (v’ cosB+ w’'sinB)sin?y;sink  cosh,

— Q% (cosB—¢sinB) (1 —sin?y,sin’A ;) — Q2 (sinf + ¢cosB)
cosy,siny,sink; — 2Q (0’ cosB + w’sinB) cosy,

— 2QdcosBsiny cosh ]

SW" Sr/z
e —1/2

—m[Ww+Q%x,siny,; + Q2ucosy,;siny,cosh,; .

4)

P,= a,,pd{dy

—Q%vcosy,sinyg,sink; —Q?wsin?y , + 2Qusin\ ;siny;

+ 2Qucos\, siny ;] — me[pcosB — Q2 (v’ cosB+ w'sinB)
cosy,; siny ;cosh; — Q7 (cosB — ¢singd) cosy ;sinysinh,

— Q2 (sinB + ¢cosB)sin’ Y, — 20 (v’ cosB+ w’sinB) siny,sin\,
— 2Qé¢sinfsiny ;cosh,] )

S e SI/Z
qxzz - Tt —1/2
= mel[iisinB + idcosB — WweosB + wesinB + Q2x ,sinBsin\ ,cosy

+ Q%xppcosB sink ;cosy; — Q2 x,cosfsing, + Q2 x ¢sinBsiny,

[_ayz(zz_w) +a12(y2_ U)]Pdﬁ'd"l

—Q2(y,+ey)sinBcosh; —Q? (¥, + €y) pcosBeos,

— Q?usinBsin?y ;cosh sin\; — Q°upcosBsiny, cosh,sin\,
— Q?ucosfBecosy,siny ;cosh; + Q2 upsinfcosy,;siny,;Cos\,
—Q2psinB{cos?y,sin’ N\, +cos’\;)
—Q2vpcosB(cos’y sin? N\, +cos? A, )+ Q2vcosBeosy,siny,
siny,sink, — Q2v¢sinBeosy,siny,;sink,; — @’ wsinBsiny,
cosy,sink; — 2QwecosBsiny ;cosy, sink; + Q2 weosBsin?y,
—Q?wesinBsin?y , + 2QusinfBcosy ; + 2QipcosBeosy

— 2QucosBsin), siny; + 2Quésin@sin),;siny; — 2QvcosBcosh,
siny; + 2QuésinBcosh; siny; — 2QwsinSsiny,;cos\,

— 2QwecosBsinycos\,] — pmk2, — Q?mcosBsinf
(k2,,—k2,7)cos?y, + Q°mcosBsing (k7,,—k7,)

sin?y,sin?\; + Q2mcos2B (k2,,— k2,;) cosy,sinyg, sink,
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—Q2¢m(k2,,—k2,;)cos28+ Q2 pmcos2B (k2
(k2,,—k2,;) cosysiny,sink; + Q% ¢’ m (k2,
(k2. —k2,)sin’y, —QPd’mcos2B (k2,
(kZ,;c08%8 + k2,;5in’ B ) cosysiny ;cos\; —
sin?y ;sink;cos\; + Q2w ' mcosBsinB (k2,,
+ Q°w’ ¢pmcosBsing (kZ,,— k2,;) sin’y,sin\;cosh; —

+k2,,5in’B) cosy; + 20w’ mcosBsinB (k2

M 1/2
== ., —w)pdsdn
=meliisin8 — 2QusinBcosy,; — 2QudcosBcosy,
—Q7sinB (yy +€5)sin\, — Q2x,dcosfBcos,cosy,

_axz (ZZ

2.)sin?y sin? N, + Q2¢pmcos28(k2,,
—Q%¢?mcosBsing (k2,,—

2—k2,,)cosy siny,sink; + Q%v 'mcosBsinB(k
Q2v’ pmcosBsing (k3,; —
—k?2,;) cosy siny ;cos; + sz m(kZ,,5in’8 +k?,,cos?B)sin’y, sink;cos\,

Q?w’ dpm'(kZ,,5in? B + k2,,c08°B) cosy,siny,cosh; — 2Qv’ mcosBsing
(k2,,—k2,;) cosy 4+ 2Q0" m (k2,,c0s?B + k2,;sin’B) siny;sin\,

,—k?,,) cosBsing

2 )sin’y; — 4Q2¢mcosPsing
k2,))sin?y;sin’ N, — Q?¢ 2 mcosBsing
>—k2,)sin’y; sm)\,cos)\,+(22v m
2 cosy siny,cosh; + Q%v’ ¢m (k2,,c0s%B + k2,,sin’B)

—2Qu’ ¢pmcosBsing (kZ,; — k2, ) sinysink; — 290’ ¢m (k2,,c0s23

2 —k?Z,,)sing,sin\; — 29w’ m (k2,,5in’8 + k2, ,c0s’B) cosy; — 20w’ pmcosBsinf
(ki — k%) cosy, —20w’ dm (k2,8in28 + k2,,cos?B)siny,sink, — 2Qddmkising,cos\,

©

—2QwsinBsiny,sin\; —2QwécosBsiny,sink,; + igcosf —Q2x,sinBcos,;cosy;
—Q2¢cosB (¥, +ey)sink,

—QZusinfcos?h,cos? ¢, —Q2usinBsin?\,

~Q2ugcosB(sin’ N, +cos? X cos?y, ) —Q?vsinBsin 2y, cos, sin\, —Q2vpcosBsin? ¥, cos\,; sink; + 22 wsinBcosy, siny, cos\,

+Q?wdcosBcosy, siny, cos\;] —mi’ (k2, —

—mw' (k2 —k32,, )cosPsing — Q2 mcosBsinB (k2,, —
-~ Q2 mecos2B (k2 ~
(k2,, —kZ,,)sin?y,cosh,sin\; +

—k2,,)cosBsinB —mw’ (k2,,sin?B+k?Z,,cos’B) —mii’ ¢ (kZ,,cosB +k2,,5in?B)

—k2,;)sin’y, cosA sink, + Q2 m (k2,,sin8 + k2,,cosB) cosy,siny,cos\,
k2,,)sin?y,cos\, sin\; +2Q°mecosBsinB(kZ,, —

k2, )cosy,siny,;cos\, +Q° ¢?mcosBsinB

Q2¢2m (kZ,c0828—k3Z, sin?B)cosy,siny, cosh, + Q2v’ meosBsing (k2,, —k2,,

(I—=sin?y,cos?\;) +Q2v" ¢ (k2,c0s?B+k2,sin2B) (I —sin?y,cos?\, ) +Q2w’ m (k2,sin?B +k2,,cos28) (1 —sin?y,cos?\,)

+Q%w’ dmeospsinB (k7 —

sin\; + 2Q¢pmcosBsinB k2, —k2,, Ycosy, —

e t/2
q:,= —S% S _p [T (2 v)]edSdy

= meliicos — 2QvcosBcosy ; — 2QwcosBsiny, sink; + 2Qo¢sinBcosy; + 2QwesinBsiny,sink;
Q7cosB (Yo +ep)sink; +Q?¢sinB (y,+e,) sin\, —

- szcosﬁsinzw,cos)\lsin)\, +Q%vesinBsin®A ;cosh;sinh; +R2wcosfcosy ;siny,;cosh,

COSY ;COSA; —
— W m(k?,—

sin?y ;cosh;sin\; + Q2 pmecos28(k2,,
—Q2¢2mcosBsing (k2,
(k2,—k2,) {I1—sin’y,cos?\ ;) +Q?w’ mcosBsinB (kZ,
(I-sin?y;cos’\ ;) +2QdmcosBsing (k2,,

Tension axis
CG axis

& Fig. 1 Rotational configuration of a
nonuniform rotor biade.

The details of the derivations are shown in the full paper. In
the above equations, u, v, and w are the displacements in the
x;, ¥;, and z, axes, respectively, m is the mass of blade per
unit length, 8 is the blade angle prior to any deformation, 7
and { are coordinates along the major axis and perpendicular
to it, n,, and 5, are values of 5 for trailing edge and leading
edge of cross section, p is mass density, ¢ is the angle of twist,
k,, is the polar radius of gyration of the cross-sectional mass
about the elastic axes, and £,,,,, k,,, are mass radii of gyration
about major neutral axis and about an axis perpendicular to
chord through the elastic axis.

k2,)(1 —sin?y,cos?\,; ) +2Qdm (k2,sin’B +k2,,cos’B)cosy, —2QdmeosBsinB(k2,, —
—2Qépm (k2, 2082 B+ k7, sin?B)siny sink,

2, 1) cosBsinB — ' m(kZ,,cosB +k2,,5in2B8) + w’' ¢m (k2,,sin?B + k2, ,cos28) + i’ ¢pm (k2,,—
—sz(kf,,zcoszﬁ +k2,,sin?B)sin?y ;cosA, sin\; + Q2 mcosBsing (k2,,

—k2,;) cosy,siny,cosh; —

ml Sln\[/l

)

— Q2x,cosBcosy ;cosh; + Q°x,psing
Q%ucosB (I —cos’\,;siny,;) +Quesing (1 —cos?\,sin’y ;)

- sz¢sinﬁcos¢,sinx//,cos)\, — ligsing]
k2,,) cosBsinB
—k2,;)cosy; sing,cos; + 2Q?pmcosBsinf (k2,,~kZ,;)
Q?¢?m (k2,510’8 + k2,,cos?B)sin?y ;cosh,sin\,

2—k2,Ycosy, sinyg cosh, + Q2v’ m(k2,,c0828 + k2,;5in’B) (1 —sin?y ,cos?\;) —Q2v’ pmcosBsinB
2—k2,) (I —sin?y cos?N ;) — Q2w dm (k255108 + kZ,,c05°8)

~k2,;)cosy; — 2Qpm (k2,,c0s?B + k2,;sin?B) siny ;sink; + 2Q¢pmcosBsing
(kZ,;—k2,,)sinyg,;sin\; — 2Qdom (k2,,5in? B+ k2, ,c0s28) cosy,

®
2,2
o
e
J‘ KO SN Fig. 2 Fixed and moving coordinate
L systems of axes as used in transformation
/ e equations and in the derivations.

If the axial deformation u and the higher order terms are
small, the above equations can be simplified by neglecting
these terms. If also N, =¥, =y,=0, the above equations
reduce to those by Houbolt and Brooks in Ref. 2. The
equations of motion for the rotor blade, which include the
above expressions for the inertia loadings, as well as ad-
ditional information, are included in the full paper.
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